The efficiency of methods for minimizing functions without evaluating derivatives is considered, with particular regard to three methods recently developed. A set of test functions representative of a wide range of minimization problems is proposed and is used as a basis for comparison.
The problem of minimizing a function/(x) of n variables x = (x u x 2 , • • • x n ) from a given approximation to the minimum XQ, has received considerable attention in recent years. In particular two separate problems can be distinguished-functions for which both the function / and the first derivatives or gradient <>//t>x, -can be evaluated at any given point x, and functions for which only/can be evaluated. Although satisfactory methods have been given by Fletcher and Powell (1963) , and by Fletcher and Reeves (1964) for solving the first of these problems, the situation with regard to the latter problem is less clear.
Historically it was found that the simplest concepts, those of tabulation, random search, or that of improving each variable in turn, were hopelessly inefficient and often unreliable. Improved methods were soon devised such as the Simplex method of Himsworth, Spendley and Hext (1962) , the "pattern search" method of Hooke and Jeeves (1959) , and a method due to Rosenbrock (1960) . Both the latter methods have been widely used, that of Rosenbrock being probably the most efficient. However, all these methods rely on an ad hoc rather than a theoretical approach to the problem. Developments of gradient methods of minimization meanwhile were showing the value of iterative procedures based on properties of a quadratic function. In particular the most efficient methods involved successive linear minimizations along so-called "conjugate directions" generated as the minimization proceeded. An explanation of these terms is given in Fletcher and Reeves (1964) .
Two methods involving these concepts have recently been introduced, by Smith (1962) and by Powell (1964) . An improvement of Rosenbrock's method to include linear minimizations has also been developed by Davies, Swann and Campey (Swann (1964) ). A short description of the basic features of each method is given in the next Section: reference to the source papers should furnish any additional details required. Although these methods represent an advance in the theory of minimization, little is known of how the methods compare amongst themselves for efficiency. This paper sets out to make this comparison, not only for irregular functions designed to prove difficult to minimize, but also for regular functions more likely to occur in practice. The efficiency of the procedures as the number of variables is increased is also of interest. With these aims in mind, a set of test functions is proposed by which this comparison is * Electronic Computing Laboratory, University of Leeds.
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made. It is hoped that a scheme of test functions of this nature will provide a standard by which the efficiency of future methods can be compared. Certainly conclusions based on results from one or two functions with only a few variables may be somewhat suspect.
The methods All the methods are iterative and locate the minimum by successive linear minimizations from an initial point x 0 along directions p, generated by the procedure and initially chosen as the co-ordinate directions. That is where a, is chosen so that/(x, + i) is a minimum along the direction p t through the point x h (This was not strictly true of the original version of Smith's procedure, but is so of an amended procedure developed by the author and used in this comparison.) The methods used to accomplish the linear minimization were similar in each case and are described towards the end of this Section. A short discussion of the convergence criterion used in each case to terminate the iteration is also included here.
(i) Davies, Swann and Campey (D.S.C.) This method is in essence an application of linear minimizations to the Rosenbrock method. Minimization without derivatives It is stated by Smith (1962) that when using Rosenbrock's method on quadratic functions, the directions />, align themselves in the limit along the axes of the function (the eigenvalues of the matrix of second derivativesa particular case of conjugate directions), and presumably this can be shown for this method. Hence, although the method does not have the property of quadratic convergence, it does have some features in common.
( for / := 1 step 1 until n do MIN(i); for i := 1 step 1 until n -1 do/», := p i + \\ p n :=y-x; MIN(n) where MIN(i) is a procedure which advances the current best approximation x, to the minimum along the direction />,-. The vector y holds the value of x at the start of the iteration and is usually a minimum along p n . At the end of the iteration the direction p n + \ = y -x is then conjugate to p n . The directions are reordered so that/>, is replaced by/», + 1 , and/>! is rejected. After n repetitions of this iteration, the minimum of an M-dimensional quadratic function would be located. In practice, for non-quadratic functions, instability in the form of linear dependence of the/» ; can set in. This has resulted in a more sophisticated basic iteration in which rejection of one direction in favour of another is only carried out if it causes an increase in the determinant of the transformation matrix which relates the vectors p t and any set of conjugate directions Y), -(both suitably scaled). The implications of this interesting condition are discussed by Powell.
(iii) Smith's Method (as modified)
This method also depends upon the properties of conjugate directions denned by a quadratic function. Orthonormal directions p\. . .p n are chosen and the basis of an iteration is
MIN(Y);
for / := 2 step 1 until n do begins := x; MIN(i);
This differs from Smith's original method in that optimum rather than arbitrary displacements are made. Furthermore, after each iteration, the p, are rearranged cyclically so that p x = p n , and then orthonormalized. This ensures that individual variables do not get unequal treatment, and also saves a linear minimization in subsequent iterations. To locate the minimum of a quadratic function, the method requires (n -1) (« + 4)/2 linear minimizations as against the original figure of «(n + 1)12.
The linear minimization
It is accepted that as none of the methods claims finite convergence for non-quadratic functions, an acceptable estimate of the minimum along a line is given by that of the quadratic passing through three points along the line at which / has been evaluated. In the method of Davies, Swann and Campey, and also that of Smith it is required that these three points should bracket the minimum. Powell only requires that the predicted step should be less than some preassigned maximum. All the methods ensure stable and efficient convergence, however, and differ essentially in details only. Powell, however, introduces the valuable idea that the second derivative of / along a direction can be used whenever future minimizations along that line are made, so reducing the number of function evaluations required. Such a feature can be used in any method where the same direction is used often. All the methods require a step length to be chosen initially for the linear minimization. The results quoted do not involve any optimization of this factor, a natural selection being made in each case.
The convergence criteria
All methods used different convergence criteria, the more stringent the criterion, so the more function evaluations required to satisfy it. Davies, Swann and Campey have the simplest one in which the procedure is terminated when the step-length (automatically reduced during the iteration) becomes less than the accuracy required. This was sufficient in all cases except Powell's function of 4 variables, a particularly stringent test. The natural method of iterating until two estimates agreed to given accuracy, as used in Smith's method, also failed in this case. Powell allowed the user to select, as an alternative to this, another very safe but lengthy procedure.
Test functions
Seven test functions in all were taken. Three are already well known and are designed to prove difficult to minimize. These are A new test function is introduced representative of the more regular type of function also obtained in practice. It has the advantage that the number of variables can be changed readily. A convenient initial approximation x 0 is also readily available for any n. This new function is called "Chebyquad" and is considered here for n = 2, 4, 6 and 8. A description of the function together with an ALGOL procedure is given in the Appendix.
The results of minimizing these test functions by each of the three methods are given in Tables 1-7 . After each iteration the difference between the function and its value at the minimum is given, together with the cumulative number of function evaluations and linear minimizations. In the case of Powell's method the latter figure (« or n + 1) was not available explicitly, but was estimated from the number of function evaluations required at each iteration.
Discussion
In order to eliminate the effect of differences in the algorithms for linear minimization, methods have been compared primarily in terms of this factor rather than the number-of function evaluations. Graphs of logio(/~/m/«) against the number of linear minimizations have been prepared for each test function, and together with the tables will provide the basis of the discussion, (see Figs. 1-7 .)
The situation with regard to Smith's method is fairly clear. When the number of variables n is small (2, 3, 4), then the method is acceptable, although noticeably inferior to the other methods. As n increases, however, the method rapidly becomes unworkable. This situation arises from the fact that at each iteration, many of the linear minimizations are made repeatedly in limited subspaces, permitting of only restricted progress to the minimum. The complete space is thus only covered after n{n + l)/2 linear minimizations ((« -l)(n + 4)/2 as amended) whereas it would seem vital that it is covered at every n minimizations. The cause of inefficiency is the same as that in Powell's (1962) early gradient method for minimization. Some improvement could be made if the second derivative were used to reduce the number of function evaluations required in the linear minimization. This, however, would not remove the basic cause of inefficiency.
On the basis of function evaluations the most efficient method is certainly that of Powell. This arises from the repeated use of the same directions, permitting the second derivative to be used in the interpolation. Comparing by linear minimizations, the most noticeable feature is the rapid convergence near the minimum. In fact, for functions of a few variables the method compares advantageously with both others (except on Powell's function of 4 variables, on account of the singular behaviour at the minimum). However, as the number of variables increases, the comparison with the D.S.C. method becomes less favourable. Powell himself observes that as the number of variables is increased, there is a tendency for new directions to be chosen less often, and it seems likely that these factors are related. The criterion which determines when a new direction is to be chosen is such that the directions retained never proceed towards linear dependence (as measured by the appropriate determinant). It could be that this criterion is too stringent, and that an alternative should be found. Possibly some lower limit on this determinant could be fixed; new directions to be chosen unless the limit be violated. It would certainly seem that if this point can be solved, and convergence for large numbers of variables can be improved, then Powell's method will be the most powerful for the general solution of the problem.
The method of Davies, Swann and Campey is certainly a simple and effective method of minimization, permitting a convenient choice of convergence criterion, and showing up well with larger numbers of variables. On the other hand, as directions are only used once, the second derivative cannot be used directly to save function evaluations. It is also difficult to suggest any way in which convergence can be appreciably improved. It would seem that the extent to which it is successful as a general method will depend upon what improvements, if any, can be made to Powell's method.
The desirability or not of quadratic convergence has already caused many arguments. Certainly the advantage of the D.S.C. method is most marked when the minimum cannot be represented adequately by a quadratic. However, such situations rarely occur in practice, the only case to my knowledge being at a non-zero minimum, when attempting to solve non-linear equations (see the example in Freudenstein and Roth (1963) ). As against this the rate of convergence of Powell's method near the minimum is striking, this being a feature of methods with quadratic convergence. In the region remote from the minimum, complex situations occur, in particular the presence of narrow curving valleys. Methods with quadratic convergence are successful in generating good directions, inasmuch as they take into account the local curvature of the function in these regions. However, the Rosenbrock-D.S.C. approach of attempting to align the directions of search along the axes of the valley is equally valid, and no doubt there are other ways in which this problem can be tackled.
To construct a program in which different methods are used in different regions would be extremely clumsy and would introduce difficulties in the choice of changeover point. In choosing a "best buy" therefore, we want a reliable method which performs efficiently in as many situations as possible. The real question then, lies in the nature of any advantage which the D.S.C. method may have when the number of variables is large. Is this due to disadvantages associated with the general properties of conjugate gradients, or rather to the parti-cular over-stringent criterion used by Powell for accepting new directions? Experience with gradient methods has shown that whilst there are many ways of generating conjugate directions of widely differing efficiency, the best of these has proved to be the best in general. I am inclined to think that this will be the case here.
Minimization without derivatives
The new function, Chebyquad, arises as follows. With Chebyshev (equal weights) M-point quadrature, the integral | F{x)dx is represented by the sum
The abcissae x = (x u x 2 ,. . . x n ) in the range 0 < x,-< 1 can be determined from the condition that if F is a polynomial of degree n or less then the above representation is exact. In particular, for arbitrary *, we can define the residual A, as the difference between the integral and the sum when F is a polynomial of degree i.
Choosing the shifted Chebyshev polynomial T ( we define
Then the function has the property that if x is the vector of abcissae, then / = 0 , otherwise / > 0. Hence we can determine the abcissae for any n, by estimating x and minimizing/^) from this point. This is the basis of the ALGOL procedure CHEBYQUAD given below. Convenient initial estimates of the x, are at equal intervals in the range, that is x,-= iftn + 1). In reality the quadrature formula is only accurate (in the sense that a zero minimum of/ 
-2,0°2 -9, 0 o l-5, o o 6-9,0- Tables for Chebyquad   Table 4 Minimization without derivatives 
